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Exercise 5

Derive carefully the formulas (8) and (9) for the solution of Maxwell’s equations.

Solution

From the homogeneous Maxwell equations,

E
(1) %—t =cVxB
(I1) %]? =—-—cVxE
(II1) V-E=0
(Iv) v-B=0,
it follows that the electric and magnetic fields satisfy the homogeneous three-dimensional wave
equation.
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O*E 9’B
o7 = —c2[V(V -E) - V2E] =7 = —c2[V(V - B) — V?B]
’E ’B
%752 = —%[V(0) — AE] 8(%2 = —%[V(0) — AB]
’E °B
o~ CAF o — AP

The aim here is to solve them in all of space, each with two prescribed initial conditions.

O°E 0°B

W:czAE, —oco < x,Y,z <00, t >0 W:czAB, —oco < x,Y,z <00, t >0
E(x7 y7 Z? 0) = EO(.%" y? Z) B(x7 y7 Z? 0) = Bo(x7 y? Z)

OE 0B

a(m,y,z,()) =cV x B(z,y, 2) E(m,y,z,()) = —cV x E%z,y, 2)
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Their solutions are given by the formula of Kirchhoff and Poisson.

o[ 1 . 1 .
E(z,y,2,1) = g megt // E (xo,yo,zo)dSo] t // [V x B"(z0, Yo, 20)] dSo
(zo—x)2+(yo—y)? (zo—2)*+(yo—y)?
+(z0—2)%=c?t? +(z0—2)%=c?t?
o[ 1 . 1 .
B(z,y,2,t) = vl en B"(z0, yo, z0) dSo | + Py [—cV x E”(20, Y0, 20)] dSo
(wo—)%+(yo—y)? (zo—z)2+(yo—y)?
+(z0—2)%2=c?t? +(20—2)2=c?t?

Write the surface integrals in square brackets explicitly by using spherical coordinates (r¢, ¢o,0p), where 6y is the angle from the polar
axis.

xo — x = ctsin f cos g
Yo — Yy = ctsin 6y sin ¢g

zp — z = ctcos by

As a result,
o 1 [T [ 1
E(z,y,z,t) = N |:47Tc2t /0 /0 E°(ct, ¢o, 00) (ct? sin Oy depg d@o)] + pp— // V x B%(z, yo, 20) dSo
D e
o 1 [T [ 1
B(z,y,2,t) = p |:47r62t /0 /0 B (ct, ¢, 0) (c*t* sin 6y doy dHO)} = ot // V x E®(z0, 90, 20) dSo.

(zo—x)2+(yo—y)>
+(20—2)2=c?t?
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Bring the constants out in front.

8 t T 2T . 1
Blonat = 5| [ [ B Chmsmtanan] + o [ 7B s
ro—x 2 — 2
e,
o t T 21 0 ] 1 0
B(z,y,z,t) = g 477/0 /0 B (ct, ¢, 0p) sin by doo dfoy | — Trct // V x E°(z0, Yo, 20) dSo

(zo—2)*+(yo—y)*
+(z0—2)2=c?t?

Evaluate the derivative by using the product and chain rules.

2 2m aEO o
E(z,y, z,t) { / / ct , 00, 0p) sin Oy dpg dfg + — / / (ct, ¢, 0p) = (ct) sin Oy doy dﬁo]
47 47 ot

1
+ drcl // V x BO($0,y0,z0) dS()

(zo—2)*+(yo—y)*
+(z0—2)2=c?t?
2w aBO
oro

1 0
— drcl // V xE (ﬂfo,yo, Zo) dSo

(z0—2)*+(yo—y)?
+(20—2)%=c?t?

Cta ¢07 90)

2
B(z,y,2,t) = {477/ B’ (ct ¢0,90)sm90d¢0d90+/ / 5

g (Ct) sin 90 d¢0 de()]
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Evaluate the remaining derivative.

1 ™ 27 ) ¢ T 2T aEO )
E(z,y,2,t) = [477/0 /0 E°(ct, ¢, 60) sin 6y dgo d90+47r/0 /O Tro(d’ b0, 00)(c) sin b depo dQO}

1
+ // V x B®(z0, y0, 20) dSo

(z0—2)*+(yo—y)?
+(20—2)2=c?t?

1 T 27 ) t T 27 aBO )
B(z,y,2,t) = [47T/0 /0 BY(ct, ¢, 0) sin Oy depo dy + 477/0 /0 Bro (ct, ¢o,60)(c) sin by dgo deo]

1
— dmet // V X EO(I‘o, Yo, Zo) dSo

(zo—2)*+(yo—y)
+(20—2)2=c?t?

Factor 1/(4mct) from the square brackets and prepare to write the differential as dSp again.

1 1 T 2w ) T QﬂaEO .
E(m,y,z,w:m[d /0 /O E"(ct, ¢o, 60) (c*t" sin fp deo dbo) + /0 /0 am(Ct,¢0,90)(02t251n90d¢0d90)}

1
BO
Ll // V x BY(z0, 0, 20) dSo

(zo—2)*+(yo—y)?
+(z0—2)2=c?t2

1 1 T 27 T 2 BO
By zit) = o | | [ BOletbu.00)(Psinto dondso) + [ [ OB, b0, B0) (22 sin B d )
et | ct 0 0 0 0 87"0

1
_ E
py // V x E*(x0, yo, 20) dSo

(zo—2)*+(yo—y)?
+(z0—2)2=c?t2
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Change the integrals in

1 1
Ble,y.2 1) = dret [ct

1
Bey.20) = o |

square brackets back to Cartesian coordinates.

E° 1
// E°(z0, y0, 20) dSo + // %To (w0, Yo, 20) dso] Rl // V x B (20, Y0, 20) dSo
(zo—2)%+(yo—y)? (wo—)%+(yo—y)? (zo—2)2+(yo—y)?
+(20—2)%=c?t? +(z0—2)2=c?t? +(20—2)%=c?t?
// BY(z 20) dSo + // 0B’ (x 20) dSo| — b // V x E%(z 20) d.S
0, Y0, 20 0 aro 05 Y0, 20 0 dmet 05 Y0, 20 0
(zo—z)?+(yo—y)? (zo—2)%+(yo—y)? (z0—2)%+(yo—y)?
+(z0—2)2=c?t? +(z0—2)2=c?t? +(z0—2)2=c%t2

Therefore, combining the integrals, equations (8) and (9) for the electric and magnetic fields are obtained.
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0
— (0, %0,20) + V x BO(QTo,yo,ZO)} dSo

0
— (20, Y0, 20) — V X Eo(l’oyyo,zo)} dSop

1 1 OE
t) = —E'
Y, z, ) Amct ﬂ |:Ct (:E[),yO,ZO) + 8?”0
(zo—2)2+(yo—y)?
+(20—2)%=c?t?
1 1 0B
= —B°
yuz7t) Arct // I:Ct (33072/0720) + 87’0
(zo—2)*+(yo—y)*
+(zg—z)2:c2t2
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